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Abstract

We revisit and update a construction, originally proposed in 2006 [1], in which the four eigenvalues of a Pauli-
decomposed quartic operator built solely from the two Casimir invariants of the Poincaré group, evaluated on the
spin- 12 and spin-1 representations, reproduce the electroweak symmetry-breaking quartet (MW ,MZ , v/

√
2,mH).

Treated as an overdetermined fit, the four masses pin down a single intrinsic scale m = 106.578 ± 0.002GeV
from the gauge sector. The two negative eigenvalues match v/

√
2 and mH at the 1%–2% level but the trace

(v/
√
2)2 + m2

H is reproduced at 0.027%, the construction’s principal residual being a purely antisymmetric
splitting in the negative subspace. This splitting is exactly absorbed by a single (−1)F -odd spurion of scale√
β m ≃ 27GeV, with a joint two-parameter fit yielding χ2/dof = 0.13/2 and pointing toward a softly broken

super-Poincaré UV completion. The construction also generates a higher-spin tower: the (s= 3
2 ,+) eigenvalue

at 96.54GeV coincides with the long-standing LEP and CMS hints of a low-mass resonance, providing a direct
experimental test. We re-identify the (s=1,−) slot with the Fermi scale v/

√
2, rather than with the top quark

mass as originally suggested, and discuss possible holographic, stringy, and super-Poincaré origins.

1 Introduction

The four parameters that organize electroweak sym-
metry breaking in the Standard Model are the two
gauge massesMW ,MZ , the vacuum expectation value
v/

√
2 = (

√
2GF )

−1/2/
√
2 ≃ 174.10GeV fixed by the

Fermi constant [2], and the Higgs scalar pole mass
mH = 125.25 ± 0.17GeV [3, 4, 2]. Among the many
phenomenological relations that connect subsets of
these, one of the cleanest is the on-shell weak mix-
ing angle

s2W ≡ 1− M2
W

M2
Z

= 0.22321± 0.00026, (1)

computed from current world averages MW =
80.3692 ± 0.0133GeV [2] and MZ = 91.1880 ±
0.0020GeV [2, 5].
In November 2004, during an empirical study of

gyromagnetic ratios [7], Hans de Vries observed [6]
that the combination of de Broglie’s quantum orbit
rule [8], the Landé–Pauli angular momentum substi-
tution 1/j2 → 1/j(j + 1), and the Compton-period
condition Tr = h/(m0c

2) produces a kinematic iden-
tity

β2(j)√
1− β2(j)

=
√
j(j + 1), (2)

and – critically for what follows – that evaluating this
identity at the spin- 12 and spin-1 representations pro-

duces velocities β1/2 =
√
(
√
57− 3)/8 ·

√
1 +

√
3/2 ≃

0.7541 and β1 =
√√

3− 1 ≃ 0.8556, whose dimen-
sionless ratio

s2dV ≡ 1− (β1/2/β1)
2 = 0.22310132 . . . (3)

falls within 0.4σ of the on-shell weak mixing angle (1)
as currently measured. The identification of these spe-
cific two spin representations – the same representa-
tions that carry the longitudinal and transverse po-
larizations of W±, Z0 in the electroweak sector, and
the same that appear in Dirac and Proca equations
of motion – was de Vries’s original empirical obser-
vation. De Vries also noted in the same 2004 posting
that the closed-orbit velocities define an intrinsic mass
scale through MW /β1/2 ≃ MZ/β1 ≃ 106.5GeV, an-
ticipating a key feature of the analysis below.

The 2006 release [1] reformulated the kinematic
identity (2) as the eigenvalue problem of a Hermitian
operator built from the two Poincaré Casimirs, iden-
tifying β2(j) with M2

+(j)/m
2 in a Pauli-decomposed

quartic that admits two eigenvalues per spin: a pos-
itive root corresponding to Hans’s β2 and a nega-
tive root previously without empirical match. The
2006 paper tentatively identified the (s = 1,−) slot
with |mh|/

√
λh under the ad hoc assumption λh =

1 (in which case the eigenvalue coincides numeri-
cally with v/

√
2), and dismissed the fourth eigenvalue

|M1/2,−| = 122.4GeV as “not used in electroweak
models” because the Higgs had not yet been discov-
ered.
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The 2012 discovery of the Higgs boson at mH =
125.25GeV, together with the substantial reduction
in δMW , allows the construction to be tested against
four physical scales rather than one. This note car-
ries out that update. We find that the percent-level
agreement extends to the previously unused eigen-
value |M1/2,−|, which matches mH at 2.3%; that the
assumption λh = 1 is no longer needed and is in fact
ruled out; that the four-mass spectrum is reproduced
as the eigenvalues of a two-parameter operator (the de
Vries scale m ≃ 106.6GeV plus a soft (−1)F spurion)
with χ2/dof = 0.13/2; and that the same algebraic
structure generates a falsifiable higher-spin tower with
a (s = 3

2 ,+) state at 96.54GeV, near long-standing
LEP+CMS hints. We also clarify which empirical
quantity is the natural target of each eigenvalue, in
particular that the (s = 1,−) slot is the Fermi scale
v/

√
2 rather than the top mass mt.

2 Casimir polynomial

Massive unitary irreducible representations of the
Poincaré algebra in 3+1 dimensions are labelled by
the two polynomial Casimirs C1 = P 2 and C2 = W 2,
with eigenvalues m2 and −m2s(s+1) respectively on
a representation of mass m and spin s. We first re-
produce the relativistic-kinematic derivation due to
de Vries [6] and then re-cast its content as a Casimir-
quartic eigenvalue problem.
Combining de Broglie’s quantum orbit rule [8], the

Landé–Pauli angular-momentum substitution 1/j2 →
1/j(j + 1), and the Compton-period condition Tr =
h/(m0c

2), de Vries observed that a closed orbit of
velocity β carrying angular momentum

√
j(j + 1) at

the Compton scale of a particle of rest mass m must
satisfy

β2√
1− β2

=
√
j(j + 1), (4)

a transcendental equation whose unique positive so-
lution at each j defines β(j). Squaring and rear-
ranging, (4) becomes a quadratic in β2 with closed-
form roots; identifying M2

+(j)/m
2 ≡ β2(j) and writ-

ingM2
−(j)/m

2 for the complementary (negative) root
produces the system

M2
± = 1

2

[
C2 ±

√
C2
2 − 4C1C2

]
, (5)

i.e. the two roots of the operator quartic

M4 −M2C2 + C1C2 = 0 (6)

in M2, with C2 evaluated on spin j. The quartic sat-
isfies the asymptotic condition

lim
s→∞

M2
s,+ = m2, (7)

ensuring that the positive eigenvalue approaches the
Regge trajectory in the high-spin limit; the negative
root grows as −s(s + 1)m2. Among Hermitian oper-
ators built from C1 and C2, the simplest combination

αC1+βC2 has the correct dimensions but does not sat-
isfy (7), so the quartic (6) is the minimal extension
consistent with (4).

Writing the quartic as a 2×2 matrix in the ± basis,

M2 = σ+ ⊗ C1C2 + σ− ⊗ 1+
1− σz

2
⊗ C2, (8)

exhibits its structure as a Pauli decomposition of an
internal two-dimensional space, a reformulation intro-
duced in [1] that makes the negative-root sector for-
mally manifest. On the (m, s) representation, defining
ξ ≡ s(s+1), the two roots take the dimensionless form

M2
±

m2
= 1

2

[
−ξ ±

√
ξ2 + 4ξ

]
. (9)

The + root is positive for all s ≥ 1
2 , equal to β

2(j)
from (4), and satisfies (7). The − root is negative
for all finite s and approaches −ξ as s → ∞. The
vanishing of the discriminant at s = 0 together with
C2|s=0 = 0 forces M2

± = 0 on the spin-zero represen-
tation: the operator acts only on spin-carrying states.

Geometrically, the eigenvalue M2
+/m

2 is the
squared relativistic velocity of de Vries’s closed or-
bit at the Compton scale carrying angular momen-
tum

√
j(j + 1), and the complementary root M2

−/m
2

is the analytic continuation of the same orbit into the
space-like, Feinberg-tachyonic branch.

A useful equivalent parametrization makes the con-
struction’s hyperbolic structure manifest. Writing
β = tanh η with η the rapidity of the closed orbit
at spin j, one finds that the two eigenvalues take the
strikingly simple form

M+ = m tanh η(j), |M−| = m sinh η(j), (10)

so that their ratio |M−|/M+ = cosh η(j) = γ(j) is the
Lorentz factor of the orbit, and their product

M+ |M−| = m2 sinh η tanh η = m2
√
j(j + 1) (11)

is Vieta’s relation for (6). The spin enters the rapidity
through sinh η tanh η =

√
j(j + 1), equivalently (4).

In this language the positive and negative eigenval-
ues are not two physical particles but two kinematic
projections of a single orbit: M+ is its three-velocity
times rest mass, |M−| is its γβ times rest mass, and
the rapidity is the unifying invariant.

3 The four-eigenvalue spectrum

We now follow de Vries [6] in evaluating the eigen-
value formula (9) on the two electroweak-relevant rep-
resentations s = 1

2 and s = 1. This selection of rep-
resentations is not part of the Casimir-quartic con-
struction itself, which is defined for all s; rather, it
constitutes de Vries’s original 2004 empirical obser-
vation that these two specific representations produce
velocities whose ratio reproduces the on-shell Wein-
berg angle. Evaluating (9), in dimensionless form,

M2
1,±/m

2 = −1±
√
3, (12)

M2
1
2 ,±

/m2 = 1
8

(
−3±

√
57

)
. (13)
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TakingM2
Z =M2

1,+ = (
√
3−1)m2 as the input identi-

fication of the spin-1 positive eigenvalue, the remain-
ing three ratios are fixed:(
M 1

2 ,+
/MZ

)2

= 1
16 (

√
57− 3)(

√
3 + 1) = 0.776899,

(14)

(M1,−/MZ)
2
= −(2 +

√
3) = −3.73205, (15)(

M 1
2 ,−

/MZ

)2

= − 1
16 (

√
57 + 3)(

√
3 + 1) = −1.80143.

(16)

Numerically, with the world-average input MZ =
91.1880± 0.0020GeV [2],

M 1
2 ,+

= 80.3724± 0.0018GeV, (17)

|M1,−| = 176.1602± 0.0039GeV, (18)

|M 1
2 ,−

| = 122.3879± 0.0027GeV, (19)

where the quoted errors are the propagated experi-
mental uncertainty on MZ . These errors do not cap-
ture the dominant theoretical uncertainty of the con-
struction, which is the unmodeled size of electroweak
radiative corrections to a tree-level Casimir relation;
we estimate the latter at ∼ 1% per eigenvalue and
return to it in Sec. 4. Two eigenvalues carry positive
M2 (gauge sector); two carry negativeM2 (tachyonic,
Higgs sector).

4 Comparison with electroweak
data

The four predictions face the empirical quartet of the
electroweak symmetry-breaking sector. Table 1 re-
ports the comparison against the 2024 Particle Data
Group values [2] and the September 2024 CMS mea-
surement of MW [5].
The mass ratioMW /MZ predicted by the construc-

tion is (
MW

MZ

)
Cas

= 0.881419, (20)

to be compared with the PDG 2024 world average
0.88136 ± 0.00015, a +0.39σ deviation. The corre-
sponding on-shell mixing angle s2dV = 0.22310132 sits
0.42σ below the value s2W = 0.22321±0.00026 derived
from the world averages. In the 2006 release this de-
viation was 0.13σ above the central value [1]; the ex-
perimental drift since then is approximately −5MeV
in MW and well within the predicted band, although
the central value is no longer perfectly coincident with
the Casimir prediction.

The two negative eigenvalues land on the Higgs-
sector parameters with deviations

|M1,−|
v/

√
2

− 1 = +1.18%, (21)

|M1/2,−|
mH

− 1 = −2.29%. (22)

A direct σ-level reading of these results, using only
the propagated δMZ = 2MeV on the predictions, is
misleading. The Fermi scale v/

√
2 is known to ∼ 1

ppm from the muon lifetime [2] and the Higgs pole
mass to ∼ 1, so the percent-level deviations corre-
spond to nominal ∼ 500σ and ∼ 17σ tensions respec-
tively. This is not the appropriate comparison. The
construction is manifestly tree-level: it identifies four
physical masses with the eigenvalues of an operator
built from Poincaré Casimirs, with no quantum cor-
rections of any kind included. The expected theoret-
ical systematic is therefore the size of one-loop elec-
troweak corrections, of order αEW/(4π)·M ∼ 0.5GeV
per eigenvalue, or ∼ 1% in fractional terms. The
observed residuals of 1.2%, 2.3%, and the 0.4σ ten-
sion in the MW /MZ ratio are all consistent with this
estimate. We accordingly assign the construction a
theoretical uncertainty δMth ∼ 1–2% per eigenvalue,
against which all three nontrivial predictions are con-
sistent with experiment at the ≲ 1σth level.
A useful intrinsic check of the construction is the

trace of the negative subspace, which is independent
of any overall mass rescaling: the predicted value
−46 012GeV2 matches the empirical −46 000GeV2 at
the 0.027% level, and the arithmetic mean of the two
negative-eigenvalue predictions, 149.28GeV, matches
the empirical mean (v/

√
2 +mH)/2 = 149.68GeV at

0.27%. The full residual at percent level is contained
in the splitting, not in the sum – a feature we exploit
in Secs. 5 and 6.

5 The construction as a one-
parameter overdetermined fit

The analysis of Sec. 4 took MZ as input and treated
the remaining three masses as predictions. The con-
struction is more cleanly read, however, as a one-
parameter model whose single intrinsic scale m – the
rest mass of the underlying Poincaré representation –
is over-determined by four independent empirical in-
puts (MW ,MZ , v/

√
2,mH). Inverting (9), each slot

yields its own determination of m:

mW =MW /

√
(
√
57− 3)/8 = 106.5705± 0.0176GeV,

(23)

mZ =MZ/

√√
3− 1 = 106.5779± 0.0023GeV,

(24)

mv = (v/
√
2)/

√√
3 + 1 = 105.3331± 0.0009GeV,

(25)

mH = mH/

√
(
√
57 + 3)/8 = 109.069± 0.148GeV.

(26)

Three independent observations follow.
First, the two gauge-sector determinationsmW and

mZ agree at the 7MeV level, a 0.42σ deviation given
the propagated experimental errors. They pinpoint

mgauge ≡
√
mWmZ = 106.574± 0.011GeV, (27)
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Table 1: Casimir-quartic predictions vs. current data. Errors on the predictions are the propagated experimental
uncertainty on the MZ input, δMZ = 2.0MeV. They do not include the theoretical systematic associated with the
tree-level character of the construction, which is discussed in the text.

Slot Identified with Ratio r to MZ Prediction (GeV) Measured (GeV)

(1,+) MZ 1 (input) 91.1880± 0.0020 —
( 12 ,+) MW 0.881419 80.3724± 0.0018 80.3692± 0.0133

(1,−) v/
√
2 1.931852 176.1602± 0.0039 174.1042± 0.0015

( 12 ,−) mH 1.342173 122.3879± 0.0027 125.25± 0.17

with precision limited by δMW . Equivalently, the
dimensionless ratio MW /MZ is predicted to be√
(
√
57− 3)(

√
3 + 1)/16 = 0.881419 and measured

to be 0.88136 ± 0.00015, a 0.4σ agreement. The
value (27) reproduces, with two-orders-of-magnitude
improved precision, the scale MW /β1/2 ≃ MZ/β1 ≃
106.5GeV already identified by de Vries in his 2004
posting [6], where it appears as an immediate corol-
lary of (2) once j = 1

2 and j = 1 are read with the
W and Z masses respectively. The 2006 release [1]
reproduces this number verbatim in its eq. (23) but
does not develop its implications.
Second, the negative-sector determinations mv and

mH bracket mgauge, lying 1.17% below and 2.34%
above respectively. Their geometric mean,

mHiggs ≡
√
mvmH = 107.185GeV, (28)

sits only 0.57% above mgauge. The construction is
therefore self-consistent at the percent level across all
four mass measurements, with the principal residual
being not the absolute scale but the splitting between
the two negative slots.
Third, the trace of the negative-mass-squared sub-

space, computed using mgauge as input, matches the
empirical value at extraordinary precision:

(v/
√
2)2 +m2

H

(
√
3 + 1) + (

√
57 + 3)/8

/
m2

gauge = 1± 2× 10−4.

(29)
Numerically, the predicted trace is 46 012GeV2 and
the observed trace is 46 000GeV2, a match at 0.027%.
The construction’s lone ∼ 1%-level failure – and the
residual that defines its tension with current data
– is therefore confined to the traceless part of the
negative-mass-squared subspace, i.e. to the splitting
(v/

√
2)2 − m2

H rather than to the sum. We exploit
this observation in Sec. 6.
It is worth contrasting (29) with Veltman’s natu-

ralness condition for the quadratic divergence of the
Higgs mass [10],

2M2
W +M2

Z +m2
H − 4m2

t = 0, (30)

which evaluates empirically to 36 921 − 119 120 =
−82 200GeV2 – a ∼ 70% violation, dominated by
the heavy top mass. The construction’s trace iden-
tity (29) is a different bookkeeping: it relates the
negative mass-squared subspace {(v/

√
2)2,m2

H} to
m2

gauge alone, with no top contribution and no

quantum-correction interpretation. The two relations
are simultaneous statements about the SM mass spec-
trum but with different origins, and the construction’s
identity is satisfied at 4× 10−4 of Veltman’s residual.

The value (27) of mgauge ≃ 106.6GeV lies
just above the LEP single-particle search reach (∼
105GeV for charged states, lower for neutral) and
below the LEP2 WW -pair threshold of 161GeV. No
Standard Model particle is currently identified at this
scale. If the Casimir polynomial is interpreted physi-
cally as a low-energy shadow of an underlying bound-
state dynamics, mgauge is the rest mass of the or-
bital constituent whose Compton-scale closed orbits
at j = 1

2 and j = 1 are identified, via (4), with MW

and MZ respectively. We return to the implications
of this in Sec. 10.

6 The antisymmetric residual
and a single spurion param-
eter

The trace identity (29) and the bracketing pattern of
mv aroundmH together imply that the construction’s
residual in the negative subspace is almost purely an-
tisymmetric. Quantitatively, with m = mgauge,

δ
(
(v/

√
2)2

)
= (v/

√
2)2 − (

√
3 + 1)m2

gauge = −721GeV2,

(31)

δ(m2
H) = m2

H − 1
8 (
√
57 + 3)m2

gauge = +708GeV2,

(32)

whose sum is −13GeV2 – the trace match (29) –
but whose individual magnitudes are equal to within
1.7%. This is the signature of a traceless perturba-
tion acting in the negative two-dimensional subspace
spanned by {|M2

1/2,−⟩, |M
2
1,−⟩}.

The minimal extension of the construction that ab-
sorbs this residual without disturbing the positive sec-
tor is the addition of a single diagonal spurion that
flips sign between integer and half-integer spin:

M2
s,− →M2

s,− + (−1)2s+1 β m2, (33)

with M2
s,+ unchanged. The fit to the four physical

masses then has two free parameters, m and β, and
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yields by joint weighted least squares

m = 106.578± 0.002GeV, (34)

β = 0.0634± 0.0001, (35)√
β m = 26.84GeV, (36)

with χ2/dof = 0.13/2. The four mass measurements
collapse onto a common m = 106.578GeV at the
1GeV level, with all four slot determinations repro-
duced within their experimental errors. The spu-
rion mass scale (36) is approximately v/9, well be-
low all four electroweak masses, and roughly the size
expected for one-loop electroweak corrections.
The sign factor (−1)2s+1 in (33) distinguishes rep-

resentations of integer spin (bosonic) from those of
half-integer spin (fermionic), which is the standard
(−1)F grading of supersymmetric multiplets. Within
the negative subspace, the construction therefore ex-
hibits the structure of a softly broken supermultiplet:
the two states |M2

1/2,−⟩ and |M2
1,−⟩ are degenerate at

the level of the unperturbed Casimir polynomial (in
the sense of obeying the same sum rule) and split by
a (−1)F -odd spurion of scale

√
β m ≃ 27GeV. The

original title of [1] – “Mass terms to break susy-like de-
generation” – is in retrospect a precise description of
the post-2012 data: the positive sector exhibits susy-
preserved Casimir relations between the W and Z,
and the negative (Higgs) sector exhibits softly bro-
ken susy-like relations between v/

√
2 and mH , with a

single soft parameter β.
We emphasize that the positive sector is not per-

turbed by (33): the algebraic prediction MW /MZ =
0.881419 continues to hold and is unaffected by the
introduction of β. The gauge-sector splitting,

M2
Z −M2

W

m2
= (

√
3−1)− 1

8 (
√
57−3) = 0.163322, (37)

is matched empirically by (M2
Z−M2

W )/m2 = 0.163401
at the 0.05% level, with no spurion needed.

7 Predictions at higher spin
and an experimental target

With (m,β) fixed by (34)–(35), the Casimir polyno-
mial generates a full tower of predictions at higher
spin. The positive eigenvalues approach mgauge from
below; the negative eigenvalues rise along the Regge-
like trajectory |M2

s,−| → s(s + 1)m2 + m2 at large
s, with (−1)2s+1βm2 corrections from (33). Table 2
gives the lowest such predictions.
Two predictions are immediately testable. First,

the (s = 3
2 ,+) slot predicts a new positive-mass-

squared state at

M3/2,+ = 96.54GeV. (38)

The LEP experiments observed a 2.3σ excess in
e+e− → Z + (bb̄) events near a recoil mass of ∼
98GeV [16], and the CMS experiment has reported

Table 2: Higher-spin predictions of the Casimir polyno-
mial with m = 106.578GeV, β = 0.0634 from the joint
fit (34)–(35). The positive sector is unaffected by the spu-
rion; the negative sector receives the (−1)2s+1βm2 correc-
tion (33).

s Ms,+ (GeV) |Ms,−| alg. |Ms,−| corr. (−1)2s+1

1
2 80.375 122.39 125.30 +
1 91.188 176.16 174.10 −
3
2 96.539 227.85 229.43 +
2 99.579 279.41 278.12 −
5
2 101.454 331.18 332.27 +
3 102.681 383.21 382.27 −

persistent ∼ 2.8σ excesses in pp → γγ in the 95–
96GeV range during Run 2 [17]. Both are statisti-
cally marginal and have alternative explanations, but
their proximity to (38) suggests that a dedicated low-
mass scalar/vector search in this window, with Run 3
statistics, would constitute a direct experimental test
of the construction.

Second, the (s = 2,−) slot predicts a tachyonic-
derived mass parameter at |M2,−| = 278.1GeV, ap-
proximately twice the Higgs mass. In a composite-
Higgs reading (Sec. 10), this would be the next radial
excitation of the Higgs sector and might be searched
for as a heavy scalar in h+h or Z+h final states. The
first negative excitation, |M3/2,−| = 229GeV, lies in a
region currently constrained by heavy-Higgs searches
but not strongly excluded for non-standard couplings.

The construction thus generates a falsifiable spec-
trum: the absence of any new state in the 95–100GeV
window with Run 3 data, or the appearance of a state
significantly off the predicted positions, would tightly
constrain the framework. Conversely, a confirmed
96GeV resonance with electroweak-sector couplings
would be the most direct support the Casimir con-
struction could receive.

8 Pole masses versus renormal-
ized running masses

The construction is purely algebraic. Throughout the
analysis above we have compared its eigenvalues to
the pole masses MW , MZ , mH and to the Fermi
scale v/

√
2 extracted from the muon lifetime, all of

which are gauge-invariant, renormalization-scheme-
independent physical observables. An obvious ques-
tion is whether the same agreement holds, or fails,
when the comparison is instead made to renormal-
ized running parameters in a particular scheme. Re-
cent precision determinations of the running couplings
and Yukawas at the MZ scale [11] allow this question
to be addressed quantitatively.

Using the 2024 PDG inputs in the MS scheme at
µ = MZ , Ref. [11] reports g1 = 0.461228, g2 =
0.65096, g3 = 1.2123, yt = 0.967 ± 0.004, yb =
0.01630, yτ = 0.00994, λ = 0.55853 (in the con-
vention V = m2|ϕ|2 + 1

4λ|ϕ|
4), and a running vev
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v(MZ) = 248.401 ± 0.032GeV. From these we ex-
tract:

MMS
W (MZ) = g2 v(MZ)/2 = 80.85GeV, (39)

MMS
Z (MZ) =

√
g22 +

3
5g

2
1 v(MZ)/2 = 92.23GeV,

(40)

mMS
h (MZ) =

√
1
2λ v(MZ)2 = 131.27GeV, (41)

[v/
√
2]MS(MZ) = 175.65GeV. (42)

The MS running values systematically exceed the
pole-mass values by 0.6–1.1% for the gauge sector
and by ∼ 5% for the Higgs scalar. The largest shift

is for the weak mixing angle, where sin2 θMS
W (MZ) =

( 35g
2
1)/(g

2
2 + 3

5g
2
1) = 0.23149, well separated from the

on-shell value 0.22321 and from the construction’s an-
alytic prediction 0.22310. The construction therefore
prefers the on-shell scheme by a substantial margin:
the 0.05% tension with on-shell sin2 θW becomes a 4%
tension with MS.
Repeating the four-slot extraction of the intrinsic

scale m in the MS scheme at µ =MZ yields

mMS
W = 107.21GeV, mMS

Z = 107.79GeV,

mMS
v = 106.27GeV, mMS

H = 114.31GeV,
(43)

to be compared with the pole-mass values of 106.57,
106.58, 105.33, 109.07GeV from Sec. 5. Three fea-
tures distinguish the two schemes. First, the W–Z
agreement that defines mgauge degrades from 7MeV
(pole) to 0.58GeV (MS); this is the construction’s
strongest test and it is lost in MS. Second, the
mv–mgauge gap closes (from −1.17% to −1.10%),
but the mH–mgauge gap widens (from +2.34% to
+6.1%): the antisymmetric splitting structure of
Sec. 6 is destroyed. Third, the spurion fit’s near-
perfect χ2/dof = 0.13/2 is replaced, in MS, by an
order-of-magnitude worse residual that cannot be ab-
sorbed by a single (−1)F -odd parameter.
The top Yukawa is similarly scheme-sensitive. The

pole-based value yt =
√
2mt/v = 0.9912 used in Sec. 9

differs from the running yMS
t (MZ) = 0.967 and from

yMS
t (mt) ≃ 0.94. The φ = (1+

√
5)/2 coincidence (45)

is therefore also scheme-dependent: mpole
t /mpole

gauge =
1.6177 agrees with φ = 1.61803 at 0.02%, while

mMS
t (MZ)/m

MS
gauge(MZ) = 169.85/107.21 = 1.5843

deviates from φ by 2.1%.
Two physical conclusions follow. First, the con-

struction is a statement about pole masses, not about
renormalized Lagrangian parameters: only at the
pole-mass level do the four-slot determinations con-
verge, the W–Z agreement reach the 7MeV level,
the antisymmetric splitting take the form (33), and
the auxiliary φ-coincidence (45) hold to within ex-
perimental error. This is consistent with the kine-
matic origin of the construction in the de Vries closed-
orbit interpretation (4): pole masses are precisely the
gauge-invariant orbital frequencies that the construc-
tion identifies. Second, the scheme dependence quan-
tifies the size of the radiative corrections that any

UV completion must accommodate. The 0.6–1.1%
shift between pole and running gauge masses, and the
∼ 5% shift for the Higgs, set the expected scale of
the matching corrections at the underlying compos-
iteness or holographic scale – corrections that should
be small at µ ∼ mgauge ≃ 107GeV and grow with
the gap to that scale. Equivalently: if the construc-
tion is the low-energy shadow of a UV theory matched
at µmatch ∼ mgauge, then the construction’s tree-level
form is automatically scheme-fixed at that scale, and
the on-shell pole-mass observables happen to be the
closest empirical proxies to the bare matching values.

It is natural to ask whether the construction is re-
produced exactly by the MS running parameters at
some other scale, µ∗ ̸=MZ , intermediate between the
electroweak and the Planck scale. We have evolved
the SM RGEs at one loop from (34)–(35) initial con-
ditions and find a uniform negative result. The dimen-
sionless mass ratio MW /MZ in MS decreases mono-
tonically with µ in the SM, from 0.8766 at µ =MZ to
0.7271 at the Planck scale; the construction’s value
0.881419 is never attained for µ > MZ . Going be-
low MZ , one-loop extrapolation crosses the construc-
tion value at µ ≃ 17GeV, but this lies below rele-
vant thresholds and the corresponding scheme is not
well defined. The Higgs sector, by contrast, evolves
in the opposite direction: λ decreases with scale and
matches the construction’s |M1/2,−|/MZ = 1.3422
requirement at µ ∼ TeV, by coincidence near the
scale where λ approaches the metastability inflection.
The two sectors therefore agree with the construction
at incompatible scales, and no single µ∗ produces a
global match. We conclude that the construction is
not a deferred MS identity at any scale up to the
Planck mass: its agreement with data is uniquely con-
centrated in the on-shell scheme.

9 Identification of the (s=1,−)
slot

The 2006 release identified |M1,−| with |mh|/
√
λh

in the Higgs potential V = −m2
h|ϕ|2 + λh|ϕ|4 un-

der the ad hoc assumption λh = 1, in which case
the eigenvalue coincides numerically with v/

√
2. The

post-2012 measurement of the Higgs pole mass gives
λh ≃ 0.129, falsifying that assumption. Two reasons
nonetheless single out v/

√
2 as the correct physical

target of |M1,−|, independently of the value of λh.
First, the (s = 1,−) slot is a negative-mass-squared

spin-1 eigenvalue. The Higgs doublet, in the unbro-
ken phase, contains the longitudinal components of
W±, Z0 as Goldstone modes; these are exactly the
spin-1 tachyonic excitations of the unbroken-phase po-
tential. The top quark, with positive m2

t on a spin- 12
Dirac representation, does not fit the slot’s Lorentz
quantum numbers.

Second, the (s = 1
2 ,−) slot is fixed by the

same quartic and lands within 2.3% of mH . Read-
ing the negative subspace as the Higgs-sector pair
{v/

√
2,mH} is internally consistent under the trace
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identity (29) and the spurion fit (33); reading (s =
1,−) as mt would leave mH unaccounted for and
would break the one-parameter structure of Sec. 5.
Under this re-identification, the empirical coinci-

dence yt ≃ 1 becomes a separate statement: with
mt = 172.57 ± 0.29GeV [2] and v = 246.22GeV, the
top Yukawa is

yt =

√
2mt

v
= 0.9912± 0.0017, (44)

unchanged from the 2006 quoted value [9] but with er-
rors reduced by an order of magnitude. The proximity
of mt and v/

√
2 is a property of the top sector dy-

namics (possibly indicative of top condensation) and
is logically independent of the Casimir construction.
A residual numerical curiosity deserves mention.

The dimensionless ratio

mt

mgauge
=

172.57GeV

106.578GeV
= 1.6193± 0.0027 (45)

agrees with the golden ratio φ = (1 +
√
5)/2 =

1.61803 . . . at the 0.08% level, i.e. within current ex-
perimental error on mt. The golden ratio is the pos-
itive root of the simplest non-trivial monic quadratic
x2 = x + 1, and arises naturally in SU(2)q quan-
tum groups at q = eiπ/5 (Fibonacci anyons), in
golden-ratio-deformed integrable systems, and as the
central-charge magnitude of BPS-saturated states in
certain N = 2 super-Poincaré algebras. The relation
mt = φmgauge, if more than coincidental, would iden-
tify the top quark as a BPS state with central charge
Z = φmgauge in an N = 2 extension of the algebra
discussed in Sec. 10 – a hypothesis consistent with the
(−1)F -odd spurion structure found independently in
Sec. 6, but presently without an algebraic derivation
from the Casimir polynomial. We leave the question
open.

10 Possible dynamical origins

The construction is purely kinematic: a Hermitian
operator built from Poincaré Casimirs cannot, by it-
self, encode dynamics. The percent-level agreement
with the empirical electroweak quartet, together with
the gauge-sector ∼ 10MeV determination (27) of a
previously unidentified scale m ≃ 106.58GeV and
the antisymmetric residual (33) pointing to a soft√
β m ≃ 27GeV susy-breaking spurion, suggests that

the operator is the low-energy shadow of a more fun-
damental relation. We outline four candidates.

Super-Poincaré. The most direct reading of the
(−1)2s+1 sign factor in (33) is that the under-
lying symmetry is a super-Poincaré algebra in
which integer-spin (bosonic) and half-integer-spin
(fermionic) representations transform differently un-
der a fermion-number grading. In an exact-
supersymmetric theory the two would be degenerate;
the empirical splitting (36) is the standard soft mass

scale of broken susy. The construction would then
be interpreted as the unbroken-Poincaré mass-squared
spectrum of a single N = 1 vector multiplet (contain-
ing a spin-1 gauge boson and a spin- 12 partner), with
the Higgs sector arising as the tachyonic “unbroken
phase” modes and the gauge sector as the broken-
phase massive states. This is the literal sense in which
the operator breaks “susy-like degeneration” as stated
in the original title of [1].

Holographic Higgs. In AdS/CFT, the scalar bulk
mass and the dual operator dimension are related by
the quadratic ∆(∆ − d) = m2R2, with two roots
∆± = d/2±

√
d2/4 +m2R2 admissible whenever the

Breitenlohner–Freedman bound m2R2 ≥ −d2/4 is
satisfied [12]. The structure mirrors (5) exactly: a
two-root pairing of an operator dimension with its
shadow, with one root tachyonic in the bulk but uni-
tary in the boundary theory. The Pauli decomposi-
tion (8) then maps onto the standard (∆+,∆−) dou-
bling of holographic Higgs constructions [13], with C2
playing the role of d2/4 + m2R2. In this framework
mgauge would be the inverse AdS curvature radius,
1/R ≃ 106GeV, placing the dual CFT compositeness
scale just above the EW scale and the first Kaluza–
Klein gauge resonance at ∼ 2.4/R ≃ 250GeV – a
scale still allowed by direct searches if the resonances
couple primarily to the longitudinal W,Z.

Regge / string. The asymptotic condition (7) is
the statement that M2 approaches the leading Regge
trajectory at high spin. In open-string theory, the
mass formula α′M2 = N − a produces a tachyon
at N = 0 and a massless vector at N = 1; con-
densation of the tachyon [14] drives the system to
a stable vacuum. The pattern {tachyon, gauge bo-
son} on the same trajectory is precisely the struc-
ture of the negative and positive eigenvalues of (6).
The intrinsic scale (27) then sets the Regge slope,
α′ ∼ 1/m2

gauge ∼ (107GeV)−2, locating the next
radial excitation at M2

2 ∼ 2m2
gauge, i.e. ∼ 151GeV

– close to the LEP2 WW threshold and worth re-
examining in archived e+e− data.

Composite pseudo-Goldstone Higgs. In mod-
ern composite-Higgs models [15], the Higgs arises as
a pseudo-Nambu–Goldstone boson of a spontaneously
broken global symmetry, with potential generated by
gauge and top-loop contributions of opposite sign.
The matching at the compositeness scale produces re-
lations of the schematic form m2

h ∼ g2f2 and |µ2| ∼
y2t f

2 that tie the Higgs sector to the gauge sector.
The Casimir quartic may be the gauge-invariant rem-
nant of such a matching condition in a specific UV
completion. The compositeness scale would naturally
be identified with mgauge ≃ 107GeV.

Sign and size of the antisymmetric split-
ting. All four frameworks predict that the tree-level
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Casimir relation between the baremass parameters re-
ceives radiative corrections at the matching scale, and
that the negative-mass-squared sector receives differ-
ent corrections from the positive-mass-squared sector.
The empirical spurion magnitude

√
β m ≃ 27GeV,

much smaller than any of the four electroweak masses,
is in the natural range for one-loop soft mass correc-
tions in a composite or super-Poincaré completion.
The antisymmetric character of the residual (trace
preserved at 0.027%, splitting modified at ∼ 3%) is
the operative quantitative constraint on any candi-
date UV completion.

Of the four candidates, the super-Poincaré reading
is the most direct algebraic match to the empirically
required spurion sign pattern; the holographic reading
is the closest match for the ∆± pair structure of (5);
and the string reading is the most natural source of
the Regge asymptote (7). All three may be facets of
the same UV theory, and the construction’s algebraic
structure is consistent with each.

11 Conclusions

The Casimir quartic (6), supplemented by the
Regge asymptotic condition, generates the en-
tire electroweak symmetry-breaking quartet
(MW ,MZ , v/

√
2,mH) as four eigenvalues of a two-

parameter operator. A weighted joint fit to the cur-
rent world averages yields m = 106.578 ± 0.002GeV
and a soft-susy-breaking spurion β = 0.0634± 0.0001
(mass scale

√
β m ≃ 27GeV), with χ2/dof = 0.13/2.

The construction reproduces all four electroweak
symmetry-breaking masses to within ≲ 1GeV, with
no Higgs self-coupling input, no top-mass input, and
no quantum-correction calculation.

Three quantitative results define the construction’s
current standing. First, the dimensionless mass ratio
MW /MZ is predicted to be 0.881419 and measured to
be 0.88136 ± 0.00015, a 0.4σ agreement that will be
tested at the ∼ 10σ level by FCC-ee threshold scans.
Second, the trace of the negative-mass-squared sub-
space, (v/

√
2)2 + m2

H , is reproduced at the 0.027%
level using the gauge-sector-determinedm alone, with
no spurion contribution – a non-trivial four-mass re-
lation. Third, the residual antisymmetric splitting in
the negative subspace is exactly the structure of a sin-
gle (−1)F -odd soft spurion of scale

√
β m ≃ 27GeV,

suggesting that the underlying symmetry is a softly
broken super-Poincaré algebra.

The construction also makes immediate, falsifiable
predictions at higher spin. The (s = 3

2 ,+) eigenvalue
at 96.54GeV coincides with the long-standing LEP
and CMS hints of a low-mass resonance in the 95–
98GeV window; the (s = 2,−) eigenvalue at 278GeV
predicts a heavy Higgs-sector state currently allowed
by direct searches. The intrinsic scale m ≃ 106.6GeV
is not associated with any known Standard Model
particle and motivates dedicated searches in the 100–
300GeV window with electroweak-sector couplings.

We emphasize three points: the (s = 1,−) slot is

naturally the Fermi scale v/
√
2, not the top mass;

the assumption λh = 1 of the original release is no
longer needed and is in fact ruled out; and the con-
struction makes a genuine four-mass prediction from
two parameters, with the (−1)F -odd spurion struc-
ture pointing toward a softly broken super-Poincaré
UV completion. Whether the underlying dynamics
is holographic, stringy, supersymmetric, or compos-
ite, the algebraic regularity revealed by the operator
– and the specific antisymmetric residual it exhibits –
deserves investigation.
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A The 2004 de Vries note (coda
fragment, verbatim)

The November 2004 series of postings by Hans de
Vries on the PhysicsForums online community [6] con-
tained (i) the closed-orbit derivation of the kinematic
identity (2) from de Broglie’s quantum orbit rule,
Landé–Pauli substitution, and Compton-period con-
dition; (ii) the explicit evaluation β1/2 = 0.7541414
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and β1 = 0.8555996, yielding s2dV = 1− (β1/2/β1)
2 =

0.22310132; (iii) the observation that MW /β1/2 ≃
MZ/β1 ≃ 106.5GeV defines an intrinsic mass scale;
and (iv) two further auxiliary numerical formulas for
s2W , presented by de Vries as “other purely numer-
ical coincidences”. Items (i)–(iii) are reproduced in
detail throughout [1], and underlie Secs. 2–5 of the
present paper. Item (iv) is the coda of [1] and con-
stitutes a self-contained passage of historical interest,
reproduced here verbatim:

I spend some time on other purely numerical
coincidences involving the Weinberg angle, yes,
more coincidences. . .

cos(Θ) = arcsinh(1) → s2W = 0.2231806

This is by far the simplest but it doesn’t make
so much sense physically, mW and mZ would be
related by some momentum/boost ratio.

The other one is:

sin(Θ)/ cos(Θ) = β4
1 → s2W = 0.223112151

Where the left term is the ratio in which W3

and B are combined to form the massless Elec-
tromagnetic field in the Weinberg/Salam theory.
The right term is the spin-1 beta 0.85559967716.
In correspondence with the Pauli spinors one
could relate W1,W2,W3 with x, y, z and B with
t so the ratio W3/B could be related to speed,
however here we have something to the power
4. . .

Well I’m just making a note of them here. Don’t
know what to do with them. It made me feel less
sure about the one we’re using but I still think
that’s the one that makes most sense physically.

The phrase “the one we’re using” refers to
the Casimir/closed-orbit construction (items (i)–(iii)
above), which de Vries judged “makes most sense
physically.” The first auxiliary, cosΘ = arcsinh(1) =
ln(1+

√
2), yields sin2 Θ = 1−ln2(1+

√
2) = 0.223181,

which has tracked the empirical drift of s2W slightly
more closely than the Casimir value during 2006–2026
(currently s2W exp = 0.22321± 0.00026, leaving Hans 1
at −1.1σ and the Casimir value at −0.4σ). The sec-
ond, tanΘ = β4

1 = (
√
3 − 1)2 = 4 − 2

√
3, yields

sin2 Θ = (4− 2
√
3)2/(1 + (4− 2

√
3)2) = 0.223112, in-

distinguishable from the Casimir prediction 0.223101
at 4×10−5 precision. Whether either of the auxiliary
identities admits a derivation parallel to the Casimir
polynomial is an open question.

The second auxiliary deserves a sharper algebraic
statement. Hans 2 demands that, in the construc-
tion’s variables, the spin- 12 ratio be

rW =
rZ

1 + r4Z
, (46)

i.e., (
√
57 − 3)/8

?
= (

√
3 − 1)/(1 + (

√
3 − 1)4). Com-

puting the right-hand side, rZ/(1 + r4Z) = (
√
3 −

1)/(29−16
√
3) = (

√
3−1)(29+16

√
3)/(292−3·162) =

(29
√
3 − 29 + 48 − 16

√
3)/(841 − 768) = (13

√
3 +

19)/73. Numerically this equals 0.56872099, while

rW = (
√
57 − 3)/8 = 0.56872930. The two differ by

8×10−6, so (46) is a near-identity but not an algebraic
identity in surds. The Hans 2 formula is therefore not
equivalent to the Casimir polynomial; it is a separate
O(10−5)-precise numerical match that, were one to
insist on it as exact, would alter rW by ∼ 10−5 and
shift MW by ∼ 0.5MeV, currently below the experi-
mental precision [2, 5]. Future δMW ∼ 0.5MeV mea-
surements at FCC-ee may distinguish between Hans 2
and the Casimir prediction.

B Symmetric-function decom-
position of the four eigenval-
ues

The signed mass-squared eigenvalues of the con-
struction are {M2

1/2,+,M
2
1,+,M

2
1,−,M

2
1/2,−} =

{rW , rZ ,−rv,−rH} · m2. Their four elementary
symmetric polynomials ek =

∑
i1<···<ik

ρi1 · · · ρik ,
with ρ = (rW , rZ ,−rv,−rH), take simple closed
forms:

e1 = rW + rZ − rv − rH = − 11
4 , (47)

e2 = rW rZ + rvrH − (rW + rZ)(rv + rH) = − 5
4 ,
(48)

e3 = rW rZ(rv + rH)− rvrH(rW + rZ) = +3, (49)

e4 = rW rZrvrH = + 3
2 . (50)

The first and last identities are direct consequences of
the Casimir quartic (6). For each spin j the two roots
M2

±(j) obey Vieta:

M2
++M

2
− = C2 = −m2j(j+1), M2

+M
2
− = C1C2 = −m4j(j+1),

(51)
so summing over j ∈ { 1

2 , 1}:

e1 = −m2
∑

j∈{1/2,1}

j(j + 1) = −m2 ( 34 + 2) = − 11
4 m

2,

(52)
and multiplying over the same set:

e4 = m8
∏

j∈{1/2,1}

j(j + 1) = m8 · 3
4 · 2 = 3

2 m
8. (53)

The e2 and e3 values can be derived analogously from
Newton’s identities.

Compared to data, the four identities exhibit a
striking hierarchy of agreement:

eemp
1 /epred1 − 1 = −3.0× 10−4,

eemp
2 /epred2 − 1 = −6.7× 10−2,

eemp
3 /epred3 − 1 = +3.6× 10−2,

eemp
4 /epred4 − 1 = +2.3× 10−2.

(54)

The signed sum (47) is the construction’s sharpest
prediction, holding two orders of magnitude better
than the individual eigenvalue ratios (which deviate
at ∼ 1–5%). Equivalently:

(M2
W +M2

Z)− ((v/
√
2)2 +m2

H) = − 11
4 m

2
gauge, (55)
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matched empirically to 9GeV2 out of 31 225GeV2.
Under the (−1)F -odd spurion (33) of Sec. 6, e1 is
preserved automatically (the spurion shiftsM2

1/2,− →
M2

1/2,− + βm2 and M2
1,− →M2

1,− − βm2, leaving the

sum invariant), while the higher-symmetric-function
residuals (54) are absorbed into β = 0.0634. The
identity (55) is therefore protected by both the un-
perturbed construction and the spurion-corrected fit,
and constitutes the most stringent observational test
of the framework.

C Veltman naturalness in the
construction

The Veltman quadratic-divergence cancellation con-
dition [10] for the Higgs mass in the Standard Model
reads

2M2
W +M2

Z +m2
H − 4m2

t = 0, (56)

and is famously violated by the empirical mass spec-
trum: the left-hand side evaluates to −82 200GeV2,
a 70% failure dominated by the heavy top. Within
the construction, with mt = φmgauge as suggested
by (45) and φ2 = (3 +

√
5)/2, the Veltman left-hand

side takes the explicit form

2M2
W +M2

Z +m2
H − 4m2

t = m2
gauge ∆V,

∆V = 2rW + rZ + rH − 4φ2

= 3
√
57−3
8 +

√
3− 7− 2

√
5

= −7.284. (57)

Numerically (57) evaluates to −82 731GeV2, agreeing
with the empirical −82 200GeV2 at the 0.65% level,
comparable to the construction’s other percent-level
matches. Three observations follow.
First, the construction reproduces not just the

four electroweak masses individually but also the spe-
cific combination (56) that controls the gauge hier-
archy problem, to sub-percent precision. The Velt-
man “smoking gun” of SM unnaturalness is, in the
construction’s variables, the dimensionless expression
4φ2 − (2rW + rZ + rH), equal to 7.284 – a number of
order C2(j = 1) · 4, i.e. of the order set by the leading
Regge trajectory.
Second, the Veltman naturalness condition itself

would hold in the construction only if 4m2
t = (2rW +

rZ + rH)m2, requiring

mVN
t = mgauge

√
(2rW + rZ + rH)/4 = 95.15GeV.

(58)
This value is suggestively close to, but 1.4GeV (1.5%)
above, the higher-spin predictionM3/2,+ = 96.54GeV
of Sec. 7. The proximity is not an exact identity
((2rW + rZ + rH)/4 = 0.7971 vs. r+(3/2) = 0.8205,
differing by 2.9%), but is worth noting: a hypothet-
ical “Veltman-naturalized” top, with mt ≃ 95GeV,
would lie within 1.5GeV of the (s = 3

2 ,+) slot whose
experimental hint is the ∼ 96GeV excess discussed in
Sec. 7. Whether this constitutes a meaningful relation
or a numerical coincidence is open.

Third, the result (57) is independent of the con-
struction’s negative-sector splitting tension: it de-
pends only on the trace combination 2rW + rZ + rH ,
which is itself a linear combination of the sharp iden-
tities rW+rZ and rv+rH analyzed in Apps. B (specif-
ically, 2rW +rZ+rH = rW +(rW +rZ)+rH , and both
sub-traces individually match data to 0.03%). The
0.65% agreement of (57) therefore inherits the sharp-
ness of the trace identities rather than the looseness
of the negative-pair splitting.

D The golden ratio and Fi-
bonacci anyons

The empirical coincidence (45), mt/mgauge =
1.6193 ≃ φ, admits a clean algebraic interpretation
in the SU(2)q quantum group at q = exp(iπ/5), cor-
responding to the level-k = 3 Wess–Zumino–Witten
theory and to Fibonacci anyons [18]. The quantum
dimension of the spin-j representation at level k is

[2j + 1]q =
sin

(
(2j + 1)π/(k + 2)

)
sin

(
π/(k + 2)

) , (59)

which at k = 3 (q = eiπ/5) yields the unique nontrivial
fixed point

[2]q = [3]q =
sin(2π/5)

sin(π/5)
= φ. (60)

Thus the quantum dimensions of the spin- 12 and spin-
1 representations – precisely the two representations
on which the Casimir polynomial acts in the present
construction – coincide and equal φ at this particular
value of q. The Fibonacci-anyon fusion rule τ ⊗ τ =
1 ⊕ τ encodes exactly the relation φ2 = φ + 1 that
defines the golden ratio, mirroring the Casimir quartic
in M2.
Under this reading, the empirical mt = φmgauge

identifies the top quark as a “quantum-dimension
scaled” mode of the construction: the spin- 12 and spin-
1 representations carry a common quantum dimension
φ at q = eiπ/5, and mt sits at the dimensional reduc-
tion of the construction by this factor. The N = 2
super-Poincaré BPS interpretation suggested in Sec. 9
is closely related: in N = 2 Chern–Simons matter
theories at level k = 3, BPS states carrying Fibonacci
anyon charge have central charge proportional to φ
times the unit-charge scale. We make no claim of a
specific model realization; the observation is that the
empirical mt/mgauge = 1.6193 ± 0.0027 (0.46σ from
φ) is exactly reproduced by (60), and the two rep-
resentations on which the construction acts are the
only two whose quantum dimensions coincide at this
q, which is a non-generic feature of SU(2)q at k = 3.

A separate observation: the deformation parameter
q = eiπ/5 corresponds to k = 3, which is the minimum
level of SU(2) Chern–Simons theory supporting non-
Abelian anyons, and is the smallest level at which
braiding of anyons generates a dense set in the uni-
tary group (universal quantum computation). The
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connection between the electroweak sector and the
simplest non-Abelian topological order, if real, would
be of considerable interest. We leave a substantive
theoretical exploration to future work.

E Related work and structural
context

We briefly situate the construction within recent liter-
ature on Casimir-eigenvalue formulations of relativis-
tic field theory and on Poincaré-projector approaches
to gyromagnetic structure, and we exhibit two struc-
tural facts that emerge from this comparison.

E.1 Sazdović: field equations as
Casimir eigenvalue equations

In a series of works [19, 20, 21], Sazdović has de-
veloped a systematic framework in which the field
equations of arbitrary spin are obtained as eigenvalue
equations of the Poincaré Casimir operators. The
principle equations are

C1 Ψ = m2 Ψ, C2 Ψ = −m2 s(s+ 1)Ψ, (61)

from which the standard Klein–Gordon (s = 0), Dirac
(s = 1

2 , after linearization), Proca (s = 1), and
Rarita–Schwinger (s = 3

2 ) equations are recovered
as projectors onto the appropriate Poincaré-invariant
subspaces. In the massless extension [20] the same
scheme produces Maxwell and (linearized) Einstein
equations. This framework is the cleanest statement
available of Wigner’s original program: classify parti-
cles by their action on the Casimirs and write down
the corresponding wave equations directly.

The construction analyzed in the present paper is
naturally placed on top of (61). The Casimir quar-
tic (6) is not itself a Casimir eigenvalue equation: it
imposes an algebraic relation between the values of C1
and C2, namely

M4 −M2C2 + C1C2 = 0, (62)

viewed as a constraint that selects a discrete pair of
mass eigenvalues M2

±(s) for each spin representation
on which C1 = m2 and C2 = −m2s(s + 1) are eval-
uated. In Sazdović’s language, (62) is a secondary
Casimir constraint on top of the standard (61). The
standard framework produces a single mass per spin
(the input m); the secondary constraint splits that
single mass into a positive and a negative-mass-
squared eigenvalue, doubling the spectrum and pro-
ducing the four-eigenvalue subspace identified empiri-
cally with (MW ,MZ , v/

√
2,mH) in the present paper.

The Casimir polynomial is, in this sense, the minimal
extension of Sazdović’s Poincaré field theory that pro-
duces a doubled mass-squared spectrum compatible
with the Regge asymptote (7).

E.2 Napsuciale–Vaquera-Araujo and
the gyromagnetic factor gs = 1/s

In parallel work, Napsuciale and Vaquera-Araujo [22,
23] developed a projector formalism for arbitrary-spin
fields in which the equations of motion are obtained
as projectors onto Poincaré-invariant subspaces of
(j, 0) ⊕ (0, j), with the gyromagnetic factor entering
as a free parameter that is fixed only by additional
dynamical requirements (renormalizability, tree-level
unitarity). They argue that the natural second-order
gyromagnetic factor is gs = 1/s rather than the Dirac
value gs = 2, with gs = 2 emerging from a separate
algebraic constraint specific to bilinearizable spin-12
fields.

This observation has direct bearing on the closed-
orbit derivation of (2). The Landé–Pauli substitu-
tion 1/j2 → 1/j(j + 1) that de Vries invokes treats
j as orbital (Larmor) angular momentum carrying
g = 1, not as Dirac spin carrying g = 2. Equivalently,
β(j) in (2) is the velocity of a relativistic closed orbit
whose magnetic-moment-to-angular-momentum ratio
is g = 1. The Napsuciale–Vaquera-Araujo result that
gs = 1/s is the natural value in a Poincaré-projector
formalism is therefore consistent with the kinematic
assumption underlying (2): at spin j the orbital gy-
romagnetic factor is 1/j, and a g = 1 closed orbit
corresponds to the marginal case where the substitu-
tion 1/j2 → 1/j(j + 1) is unambiguous.
A specific corollary: the construction’s identifica-

tion of the (s = 1,−) slot with v/
√
2 rather than

with mt (Sec. 9) is consistent with the gyromagnetic
structure of the W±, Z0 gauge bosons, which carry
g = 2 minimal coupling at tree level [24, 25], while the
Casimir polynomial’s orbital interpretation requires
g = 1. The two interpretations live on different sides
of the Goldstone–gauge transition: the longitudinal
W±

L , Z
0
L modes, which are the spin-0 components of

the Higgs doublet in the unbroken phase, carry no gy-
romagnetic factor and are correctly described by the
orbital closed-orbit picture; the transverse W±

T , Z
0
T

modes, the physical gauge bosons after EWSB, carry
g = 2.

E.3 Second-order spin-3
2
formalism and

the higher-spin tower

Kruglov [26] and Delgado-Acosta–Banda-Guzmán–
Kirchbach [27] developed second-order “square-root
of Proca” formalisms for spin- 32 , finding three mass
states in the local-equation form. The construction of
the present paper predicts two mass states at s = 3

2
(one positive and one negative-mass-squared root of
the quartic, Table 2). The discrepancy in multiplic-
ity reflects different operator content: Kruglov’s three
states come from the Ψµ four-vector-spinor decom-
position into (j+, j−) subspaces, while the Casimir
quartic acts only on the irreducible (j, 0) ⊕ (0, j)
component of fixed parity. If the construction’s
(s = 3

2 ,+) prediction at 96.54GeV (Sec. 7) is to
be matched to a Kruglov-type spin- 32 excitation, two
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additional mass eigenvalues are expected nearby; a
search for three states in the 90–300GeV window with
electroweak-sector couplings would distinguish the
Casimir-quartic interpretation from a generic second-
order spin- 32 theory.

E.4 A consistency check from two inde-
pendent literatures

Combining Sazdović’s Casimir-eigenvalue formula-
tion (61) with the Napsuciale–Vaquera-Araujo gs =
1/s result, one arrives at the following structural pic-
ture for the construction:

1. Standard Wigner classification assigns each
(m, s) representation a single mass m via (61);

2. the Casimir quartic (62) is a secondary algebraic
constraint that doubles this to {M+,M−} at each
spin, by requiring a polynomial relation among
C1, C2,M2;

3. the resulting closed-orbit interpretation, β2(j) =
M2

+/m
2, is naturally associated with a gyromag-

netic factor g = 1 (orbital, Larmor), as required
for the Landé–Pauli substitution and consistent
with the Napsuciale–Vaquera-Araujo prediction
gs = 1/s at s = 1;

4. the empirical identification of the construction’s
eigenvalues with (MW ,MZ , v/

√
2,mH) requires

the additional input that the electroweak sec-
tor inherits the orbital gyromagnetic structure
of the unbroken Higgs phase, where W±

L , Z
0
L are

Goldstone modes carrying no transverse mag-
netic coupling.

This sequence is internally consistent and reduces
the construction’s empirical content to a single struc-
tural hypothesis: that the electroweak symmetry-
breaking sector is the low-energy shadow of a Poincaré
field theory whose mass-squared operator obeys the
Casimir quartic. The remaining freedom is the
(−1)F -odd spurion of Sec. 6, which carries the soft
super-Poincaré breaking, and the φ-related quantum-
dimension scaling that determines the top mass
(App. D).
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